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Abstract 

By using the cohomology theory of quandles, quandle cocycle in¬ 
variants and shadow quandle cocyclc invariants are defined for oriented 
links and surface-links via broken surface diagrams. By using symmet¬ 
ric quandles, symmetric quandle cocyclc invariants are also defined 
for unoriented links and surface-links via broken surface diagrams. A 
marked graph diagram is a link diagram possibly with 4-valent ver¬ 
tices equipped with markers. S. J. Lomonaco, Jr. and K. Yoshikawa 
introduced a method of describing surface-links by using marked graph 
diagrams. In this paper, we give interpretations of these quandle co¬ 
cycle invariants in terms of marked graph diagrams, and introduce a 
method of computing them from marked graph diagrams. 


1 Introduction 

A surface-link is a closed 2-manifold smoothly (or piecewise linearly and 
locally flatly) embedded in the Euclidian 4-space M 4 . Two surface-links £ 
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and £ are said to be equivalent if there exists an orientation preserving 
homeomorphism h : R 4 — > R 4 such that h{£) = £. When C and £ are 
oriented, it is assumed that h\c : C —>• £ is also an orientation preserving 
homeomorphism. 

A broken surface diagram of a surface-link is a projection image in R 3 
with over/under sheet information at each double point curve. It is known 
that two broken surface diagrams present equivalent surface-links if and only 
if they are related by a finite sequence of Roseman moves (cf. [29] ). 

A marked graph diagram is a link diagram possibly with 4-valent ver¬ 
tices equipped with markers. S. J. Lomonaco, Jr. m and K. Yoshikawa 
[32] introduced a method of describing surface-links by using marked graph 
diagrams. Yoshikawa introduced local moves on marked graph diagrams, 
which are so-called Yoshikawa moves. Two marked graph diagrams present 
equivalent surface-links if and only if they are related by a finite sequence 
of Yoshikawa moves ((2HE31ED). So one can use marked graph diagrams 
for studying surface-links and their invariants (cf. [TJ [13l [Ml [22] [23] [Ml l25l 

mm)- 

A quandle is a set X with a binary operation * : X x X —> X satis¬ 
fying certain conditions derived from Reidemeister moves for classical link 
diagrams (pa Eg). By using the cohomology theory of quandles ([3000 
mm), quandle cocycle invariants and shadow quandle cocycle invariants 
are defined for oriented links and surface-links via broken surface diagrams 
(010 El)- On the other hand, by using symmetric quandles, symmetric 
quandle cocycle invariants are also defined for unoriented links and surface- 
links via broken surface diagram (PH ESI)- These invariants for surface-links 
are defined as state-sums over all quandle colorings of sheets and correspond¬ 
ing Boltzman weights that are evaluations of a cocycle at triple points in 
broken surface diagrams. 

The aim of this paper is to interpret of these quandle cocycle invariants 
in terms of marked graph diagrams, and introduce a method of computing 
the quandle cocycle invariants from marked graph diagrams. 

This paper is organized as follows: In Section 0 we prepare some prelim¬ 
inaries about broken surface diagrams and marked graph diagrams. Section 
[3] contains a review of quandle cocycle invariants of oriented surface-links. In 
Section 0 we describe quandle cocycle invariants via marked graph diagrams 
and give a method of computing the quandle cocycle invariants from marked 
graph diagrams. Section [5] contains shadow colorings and shadow quandle 
cocycle invariants of oriented surface-links. In Section 0 we describe how to 
compute shadow quandle cocycle invariants from marked graph diagrams. 
In Section 0 we recall symmetric quandles and symmetric quandle cocy- 
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cle invariants of unoriented surface-links. Section [8] is devoted to giving a 
method of computing symmetric quandle cocycle invariants from marked 
graph diagrams. 


2 Marked graph diagrams of surface-links 


In this section, we recall broken surface diagrams and marked graph dia¬ 
grams presenting surface-links. 

Let £ be a surface-link. By deforming £ by an ambient isotopy of M 4 
if necessary, we may assume that the restriction map q\c '■ £ —> M 3 is a 
general position map, where q : M 4 —> M 3 denotes the projection ( x , y, z, t) i—>• 
(. x,y,t ). Along the double point curves, one of the sheets (called the over¬ 
sheet) lies above the other ( under-sheet ) with respect to the z-coordinate. 
The under-sheets are coherently broken in the projection. The union B of 
such broken surfaces is called a broken surface diagram of £. When £ is 
an oriented surface-link, we assume that the sheets of are co-oriented such 
that the pair (orientation, co-orientation) matches the given (right-handed) 
orientation of R 3 . In [29], D. Roseman introduced seven moves of broken 
surface diagrams, called Roseman moves. Two surface-links are equivalent 
if and only if their broken surface diagrams are related by a finite sequence 
of Roseman moves. For more details, see mm- 


A marked graph is a spatial graph G in M 3 which satisfies the following: 

(1) G is a finite regular graph with 4-valent vertices, say v\, V 2 , v n . 

(2) Each Vi is a rigid vertex; that is, we fix a rectangular neighborhood 
N t homeomorphic to {(x,y)\ — 1 < x,y < 1}, where Vi corresponds to 
the origin and the edges incident to Vi are represented by x 2 = y 2 . 

(3) Each Vi has a marker , which is the interval on Ni given by {(x, 0) | — 1 < 

x < 1}. 


Two marked graphs are said to be equivalent if they are ambient isotopic 
in R 3 with keeping the rectangular neighborhoods and markers. 

An orientation of a marked graph G is a choice of an orientation for each 


edge of G such that every vertex in G looks like 


or . A marked 


graph G is said to be orientable if it admits an orientation. Otherwise, it is 
said to be non-orientable. Figure Q] shows an oriented marked graph and a 
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Figure 1: Marked graphs 


non-orientable marked graph. Marked graphs can be described by diagrams 
on R 2 with some 4-valent vertices equipped with markers. 

A surface-link C in R 4 = R 3 x R can be described in terms of its cross- 
sections £ = £nR 3 x {t}, teR (cf. pTj). Let p : R 4 —> R be the projection 
given by p(xi,X 2 ,xs, X 4 ) = X 4 , and we denote by pc : £ —> R the restriction 
to £. It is known ([T9j [20, 27]) that any surface-link £ is equivalent to a 
surface-link £, called a hyperbolic splitting of £, such that the projection 
Pc' : £ —> R satisfies that all critical points are non-degenerate, all the 
index 0 critical points (minimal points) are in R 3 x {—1}, all the index 1 
critical points (saddle points) are in R 3 x {0}, and all the index 2 critical 
points (maximal points) are in R 3 X {1}. 

Let £ be a surface-link and let £ be a hyperbolic splitting of £. The 
cross-section £ 0 = £ D R 3 x {0} at t = 0 is a 4-valent graph in R 3 x {0}. 
We give a marker at each 4-valent vertex (saddle point) that indicates how 
the saddle point opens up above as illustrated in Figure [2j The resulting 
marked graph G is called a marked graph presenting £. As usual, G is 
described by a diagram T on R 2 which is a generic projection on R 2 with 
over/under crossing information for each double point such that the restric¬ 
tion to a rectangular neighborhood of each marked vertex is an embedding. 
Such a diagram is called a marked graph diagram or a ch-diagram (cf. [30] ) 
presenting £. 

When £ is an oriented surface-link, we assume that £q has the induced 
orientation as the boundary of the oriented surface £ fl (R 3 x (— 00, 0]). 

Let r be a marked graph diagram and To the singular link diagram 
obtained from T by removing all markers. Let I/(r) = {ui, V 2 , ■ ■ ■, v n } be 
the set of all vertices of T. For each i (i = 1,... ,n), consider four points 
vj,vf,vf, and vf on T in a neighborhood of Vi as in Figure [3] We define 


r+ = [To \ U ( U I Vi,v. 

1=1 j =1 


fl)]u[u i (K 4 ,u/|uk 3 ,u 4 |)], 
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t = e 


- x-x x->x 

-« )( X 


Figure 2: Marking of a vertex 


which is called the positive resolution of T, and 


- = [Fo\ u(uh,^|)]u[u(|XX|uK 2 ,X|)], 

1=1 J = 1 1=1 


the negative resolution of T, where \v,w\ is the line segment connecting v 
and w. When both resolutions and T + are diagrams of trivial links, we 
call r admissible. 



Figure 3: vf,v?,vf, and vf 


When r is admissible, we construct a surface-link as follows (cf. [ 171 il9l 
[201 E2]). Let Lq denote a graph in R 3 whose diagram is To- Let w\ and 
Wi be points on Lq such that it( wj) = vj, n(wi) = Vi, respectively, where 
7r : R 3 -> R 2 is the projection (x, y, z ) i->- (x, y ). For each t £ [0,1], let wj (t) 
be the point (1 — t)wi + twj £ R 3 . 

For each t £ [0,1], let Lf be a link defined by 

L t = [Lo \ U ( U \wi,wj{t)\)] U [ U (\wl(t),Wi(t)\ U \wf(t),wf(t)\)}, 

1=1 J = 1 1=1 

and for each t £ [—1,0], let L_ be a link defined by 

L t = [AA.U ( u Xi,X(-0l)] u [.U (\wl(-t),wf(-t)\U\w^(-t),wf(-t)\)]. 

1=1 J = 1 Z— 1 
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Put L + = Lf and L_ = L_ 1 . Then L + and L_ have diagrams T + and 
r_, respectively. Let L>+,... ,B+ be mutually disjoint 2-disks in R 3 with 
d(B i U • • • U B+) = L- 1 _, and let Bf ,... , be mutually disjoint 2-disks in 
M 3 with d(Bf U • • • U Bf) = L_. 

Let F( T) be a surface-link in R 4 = R 3 x R defined by 

F(T) =(Rf U • • • U B~) x {-2} UPx (-2, -1) 

u ( u t€[-i,o)-^t x {t}) Ufox {0} U (U te ( 0) i ]Lf x {t}) 

U L + x (1,2)U(B+U-UB+) x {2}. 

We say that F(T) is a surface-link associated to T. It is uniquely deter¬ 
mined from r up to equivalence (see USD- 

A surface-link £ is said to be presented by a marked graph diagram T if 
£ is equivalent to the surface-link F(T). Any surface-link can be presented 
by an admissible marked graph diagram. Two admissible marked graph 
diagrams present equivalent surface-links if and only if they are related by 
a finite sequence of Yoshikawa moves mmm)- 

S. Ashihara introduced a method of constructing a broken surface di¬ 
agram of a surface-link from its marked graph diagram |T]. For our later 
use, we describe here his construction. In what follows, by D —> D' we 
mean that a link diagram D' is obtained from a link diagram D by a single 
Reidemeister move (Figure I3J or an ambient isotopy of R 2 . 



Ri i?2 R 3 

Figure 4: Reidemeister moves of type R\, R 2 and R% 


Let r be an admissible marked graph diagram, and let T + and T_ be 
the positive and the negative resolutions. 

Since T + is a diagram of a trivial link, there is a sequence of link diagrams 
from r + to a trivial link diagram O related by ambient isotopies of R 2 and 
Reidemeister moves: 


r_|_ — D\ —> Z?2 —t • • • —> D r — O. 

For each i (i = 1,..., r — 1), let {f^}tei be a 1-paranreter family of home- 
omorphisms from R 3 to R 3 which satisfies 

/o W =id, f?(L(D i ))=L(D i+1 ), 
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where L(Di ) denotes a link in R 3 with diagram Di for i {i = 1,..., r). With¬ 
out loss of generality, we may assume that L(D\) = L + and the following 
two conditions are satisfied. 

• When the move Di —> Di+\ is an ambient isotopy of R 2 , let 

be an ambient isotopy of R 2 such that h^(Di) = Di + \. Then fj: 1 ' 1 
satisfies 7r(/^(L(T)j))) = h[ l \Tr(L(Di))) for f G /. 

• When the move Di —» Dj + \ is a Reiedemeister move, let Bu\ be a disk 
in R 2 where the move is applied, and let Mu\ be the subset of x / 

C R 3 determined by ir(M ^ n (B^ x {f})) = 7r(/ t ^(L(Z?j))) n B^ for 
t £ /. Then M(j) is as in Figure El El or [71 
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Take real numbers with 1 < t\ < ■ ■ ■ < t r < 2. For each i (i = 

1,..., r — 1), we define a homeomorphism FW : R 4 (= R 3 x K) -> I 4 by 

(x,t) ( t<ti ), 

(ti<t<ti+1 ), 

(t>t i+ 1 ), 

where </>(f) = (t - L)/(L + i - U). 

Similarly, consider a sequence of link diagrams from T_ to a trivial link 
diagram O' , related by ambient isotopies of R 2 and Reidemeister moves: 

r_ = £>i -> ->-> F>' = o'. 

For each j (j = 1,..., s — 1), let {sprite/ be a 1-parameter family of home- 
omorphisms from R 3 to R 3 which satisfies 

9?= id, g[ j \L(D' j )) = L(D' j+1 ). 

Without loss of generality, we may assume that L(D[) = L_ and the fol¬ 
lowing two conditions are satisfied. 

• When the move D’- —» F>' +1 is an ambient isotopy of R 2 , let {h' t ^}t£i 

be an ambient isotopy of R 2 such that h\ ^ (O') = F>' +1 . Then 
satisfies n(g^\L(Dj))) = (L(D'-))) for t £ I. 

• When the move D'- —> D'- +l is a Reidemeister move, let By.. be a disk 
in R 2 where the move is applied, and let Af'^ be the subset of B'.y. x I 
C R 3 determined by tt(MG n (i?^ x {t})) = n{g^\L{D'-))) fl-B^ for 
t £ I. Then is as in Figure El EH or [3 

Take real numbers t\..... t! s with — 1 > > ■ ■ ■ > t' s > —2. For each j 

(j = 1,...,s — 1), we define a homeomorphism G 1 ' 3 ' 1 : R 4 —> R 4 by 


F®(x,t) = < 


G^\x, t ) 


'{x,t ) 


(t > t'), 

(tj+i 

(t < t' j+ 1 ), 


where *p(t) = (i S'* - t)/(t' - t' +1 ). 

Let F' = G^- 1 ) o G (s-2) 0***0 G^ o F^" 1 ) o F^" 2 ) o • • • o FW(F(r)). 
Then F' is equivalent to F(T). 
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Let B \,..., Bn be mutually disjoint 2-disks in R 3 such that d(B\ U • • • U 
Bp) = L(0) and tt\b 1 u-ub i _ 1 is an embedding. Let B [,..., B' x be mutually 
disjoint 2-disks in R 3 such that d(B[ U • • • U B' x ) = L(0') and 7 ij s / u ... uB / is 
an embedding. Finally we define F to be the surface constructed as follows: 

F = (B[ U • • • U B' x ) x {-2} U (F' n (R 3 x (-2, 2))) U (Bi U • • • U B^) x {2}. 

It is in general position with respect to the projection q : R 4 —> R 3 , (x, y, z, t ) 
i->- (x,y,t). The broken surface diagram of F obtained from q(F) is called a 
broken surface diagram associated to T, and denoted by B(T). 

3 Quandle cocycle invariants of oriented surface- 
links 

We recall quandle cocycle invariants of oriented surface-links from [5] . 

A quandle is a set X with a binary operation * : X x X X satisfying 
that (i) for any x G X, x*x = x, (ii) for any x, y G X, there is a unique u € X 
such that x = u*y, and (iii) for any x,y,z £ X, (x*y)*z = (x*z)*(y*z). In 
(ii), the unique element u is denoted by x*y, and then x = u*y=(x*y)*y. 

Example 3.1. (1) The dihedral quandle of order n is the set R n = {0,1,... , n— 
1} with the binary operation i * j = 2j — i (mod n ) for each i,j £ R n . 

(2) Let S 4 = {0,1, 2,3}. Define a binary operation * : S 4 x S 4 —> S 4 by 


* 

0 

1 

2 

3 

0 

0 

2 

3 

1 

1 

3 

1 

0 

2 

2 

1 

3 

2 

0 

3 

2 

0 

1 

3 


Then S 4 is a quandle, which is called the tetrahedral quandle. 

(3) Let G be a group. The conjugation quandle, denoted by conj(G), is 
G with the operation x *y = y~ l xy. 

Let A be a quandle. For each positive integer n, let C^(X) be the 
free abelian group generated by n-tuples (x\,... ,x n ) of elements of X. We 
assume C^(X) = {0} for n < 0. Define a homomorphism d n : C^(X) — > 

ctiix) by 

n 

dn(xi,X 2 , ...,X n ) = ^(-l)*[(xi,x 2 , • • .,Xi-l,X i+ l, ...,X n ) 
i =2 

- (Xl * Xi, X 2 *Xi,..., Xi -1 * Xi,X i+ 1, . . . , X n )\ 
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for n > 2 and d n = 0 for n < 1. Then C^(X) = {C^{X),d n } is a 
chain complex. Let C®(X) be the subset of C^(X) generated by n-tuples 
(x'i,..., x n ) with Xi = Xi + 1 for some i £ 1 ,..., n — 1 if n > 2; otherwise let 
C®{X) = 0. Then C^{X) = {C^(X), <9 n } is a sub-complex of C^(A). Con¬ 
sider the quotient chain complex C* (X) = {Cn(X),d n }, where Cn{X ) = 
Cn(X)/Cn(X). For an abelian group A, we define chain and cochain com¬ 
plexes by C*(X;A) = C®(X) <g> A and Cq(X;A ) = Hom(C* (X), A). The 

homology and cohomology groups are denoted by H„ ( X ; ^4) and Hq {X\A), 
respectively. The cycle and boundary groups (or cocycle and coboundary 
groups, resp.) are denoted by Zn(X;A ) and Bn(X;A) (or Zq(X;A) and 
Bq(X;A), resp.). We will omit the coefficient group A as usual if A = Z. 

A homomorphism 6 : C^{X) —> A is regarded as a 3-cocycle of the 
cochain complex Cq(X] A), called a quandle 3-cocycle, if and only if 6 sat¬ 
isfies the following two conditions (where A is written multiplicative): 

• Q(x, x, y) = 1 and 6 {x,y,y) = 1 for all x,y £ X, where 1 is the identity 
element in A. 


• 6 (x, z, w) 6 (x , y, z) 6 {x * z,y * z,w) = 9{x , y, w)9(x * y, z , w) 6 {x * w,y * 
w,z * w) for each x, y,z,w £ X. 

Let B be a broken surface diagram of an oriented surface-link C, and let 
S(B) be the set of sheets of B. Let X be a quandle. A coloring of B by X 
is a map C : S{B) —> X satisfying the condition that at each double point 
curve, if the co-orientation of the over-sheet y is from the under-sheet x to 
z, then C(z) = C(x) *C(y). See the left of Figure[ 8 l Let Colj\:(£>) denote the 
set of all colorings of B by X. 



e (xi,X2,xs) 



Figure 8 : A double point curve and a triple point 


Let r be a triple point of B. The sign of r is positive if the co-orientations 
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of the top, the middle and the bottom sheets at r in this order match the 
given (right-handed) orientation of M 3 . Otherwise, the sign is negative. 
There are eight complementary regions of B around r. (Some of them may 
be the same.) There is a unique region such that the co-orientations of the 
sheets facing the region point from the region to the opposite regions. We 
call this region the source region of r. 

For a 3-cocycle 9 € Zq{X\A), the quandle cocycle invariant of 

an oriented surface-link C associated to 9 is defined as follows. Let B be a 
broken surface diagram of C. Let C : S(B ) — >■ X be a coloring of B. Let 
r be a triple point of B and let x±,x 2 , and X 3 be colors of the bottom, the 
middle, and the top sheets facing the source region of r, respectively. Let 
e(r) denote the sign of r. See Figured where e(r) = 1. The (Boltzman) 
weight Bg(r,C) at r with respect to C is defined to be 

B$ (r, C) = 9(x 1 ,x 2 ,x 3 ) e{r \ 

The partition function or state-sum, of B (associated to 9) is 

M&)= E II B e (r,C)€Z[A], 

CeColxOB) reT(B) 

where T(B) is the set of all triple points in B. 

Theorem 3.2 ( [5] ). Let C, be an oriented surface-link and let B be a broken 
surface diagram of C. The partition function &g(B) does not depend on the 
choice of B. Thus it is an invariant of C. 

We call &e{B) the quandle cocycle invariant of C associated to 9 , and 
denote it by &g(£). 

4 How to compute quandle cocycle invariants from 
marked graph diagrams 

In this section we introduce a method of computing quandle cocycle invari¬ 
ants from marked graph diagrams. 

Let r be an oriented marked graph diagram and let IF(T) denote the set 
of all marked vertices of T. By an arc of T we mean a connected component 
of T \ V(r). (At a crossing of T the under-arcs are assumed to be cut.) 
Let A(T) denote the set of arcs of F. Since F is oriented, we assume that 
it is co-oriented: The co-orientation of an arc of T satisfies that the pair 
(orientation, co-orientation) matches the (right-handed) orientation of the 
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plane. At a crossing, if the pair of the co-orientation of the over-arc and 
that of the under-arc matches the (right-handed) orientation of the plane, 
then the crossing is called positive ; otherwise it is negative. The crossing in 
(a) of Figure [9] is positive and that in (b) is negative. 

Definition 4.1. Let A be a quandle and let F be an oriented marked graph 
diagram. A coloring of T by A is a map C : A(T) —>■ A satisfying the 
following conditions ( 1 ) and ( 2 ): 

(1) For each crossing c, let S 2 be the over-arc and let si and S 3 be the 
under-arcs as shown in (a) or (b) of Figure [9] such that the co-orientation 
of s 2 points from si to s 3 . Then C(s 3 ) = C(s 1 ) * C(s 2 ). 

(In this case, si is called the source arc and S 3 is called the target arc 
at c. The quandle element C(s*) is called a color of the arc s*.) 

(2) For each marked vertex v, let si, s 2 , S 3 and S 4 be the arcs of T as shown 
in (c) or (d) of Figure 0 Then C(si) = C(s 2 ) = C(ss) = C(s 4 ). 





Figure 9: Labels at a crossing 


We denote by Colx(r) the set of colorings of T by X. 

Theorem 4.2. Let C be an oriented surface-link. Let T and B be a marked 
graph diagram and a broken surface diagram presenting C, respectively. 
Then there is a bijection from CoLf(r) to Col x(B). 

Proof. The fundamental quandle Q(r) is defined by a quandle generated 
by A(r) and the defining relations S 3 = si * S 2 for si,S 2 ,S 3 as in (a) or 
(b) in Figure [9] and si = S2 = S3 = S4 for si,...,S4 as in (c) or (d). 
Without loss of generality, we may assume that B is a broken surface diagram 
associated to T. Then by the same argument with [I] we see that there is 
a natural isomorphism from Q(r) to the fundamental quandle Q{B) of B. 
Since Cohv(r) is identified with Hom((3(r),A) and Cob \{B) is identified 
with Hom(Q(0), A), we have a bijection from Colx(r) to Col x(B). □ 
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Let r be a marked graph diagram of an oriented surface-link C and r + 
the positive resolution of T. Let r_|_ = D\ —> D2 —>••••—>• D r = O be a 
sequence of link diagrams from T + to a trivial link diagram O related by 
ambient isotopies of M 2 and oriented Reidemeister moves. Let I'] = {i \ 
Di —>• D i+ 1 is a move of type R 3 }. For each i E let be a disk in M 2 
where the move Di —> Di + \ is applied. 

Similarly, let T_ be the negative resolution of T and T_ = D[ —> D ' 2 —>• 
• • • —>■ D' s = O' a sequence of link diagrams from T to a trivial link diagram 
O' related by ambient isotopies of M 2 and Reidemeister moves. Let if = 
{j | Dj —>■ Dj +1 is a move of type R 3 }. For each j € if, let B'^ be a disk 
in M 2 where the move D'- — > D'- +l is applied. 

We define two functions etm and e& from the disjoint union I'\_ II I^_ to 
{± 1 } as follows: 

Let t £ (or i G /£., resp.) and let c be the crossing between the top 
arc and the two middle arcs in Di n B^ (or D\ n BO, resp.) and let n\ be 
the co-orientation of the bottom arc. Define et m (z) and eb(i) for i £ 11/^ 

by 



sign(c), 

(4.1) 

<%(*) = j 

| 1 if n\ points from c, 

(4.2) 

1—1 otherwise. 


Definition 4.3. Let T be a marked graph diagram of an oriented surface- 
link C. Let C : R(r) — > X be a coloring of T and let 9 € Zq(X; A). 

Let i G if II J 3 .. Let R be the source region of the crossing c, i.e., the 
quadrant from which all co-orientations of the top arc and the middle arc 
point outwards. Let R' be the opposite region of R with respect to the top 
arc. The (Boltzman) weight Bg{i,C) at i with respect to C is defined by 

B d (i,C) = 9(x 1 ,X2,x 3 y^^\ 

where x 2 and x 3 are the colors of the middle arc and the top semi-arc facing 
R, respectively, and x\ is the color of the bottom semi-arc which is in R 
or x\ is the element with x\ = a * X 3 , where a is the color of the bottom 
semi-arc which is in R'. See Figure [TOl 

Definition 4.4. Let T be a marked graph diagram of an oriented surface- 
link C. The partition function or state-sum of T (associated to 9) is 

= e (n b »^ c ) n B e^cr i \ 

CeCoix(r) zeif jell 
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Figure 10: A (Boltzman) weight at i G 1+ II /£. 


Theorem 4.5. Let C be an oriented surface-link and T a marked graph 
diagram of C. Then for any 9 G Zq(X\A), &g(C) = ^^(r). 

Proof. Let B = £>(r) be a broken surface diagram associated to T. It is 
sufficient to prove that $g(r) = 

Since there is a natural bijection between Colx(r) and Col x(B) (as in 
the proof of Theorem 14. 2D . it suffices to show the following claim. 

Claim: For each coloring C G Colx(r), 

H Be(i,C) H Beij^)- 1 = n B e (r,C), 

iei\ jeC t£T{b) 

where C G Colx(I?) in the right hand side is the corresponding coloring. 

Proof of Claim. Let B* = B fl (M 2 x [tj,t,]) for i = l,...,r and 
j = 1,..., s. Let (f : (M 2 , To) —> (M 2 x [t^, t\], B\) be the natural embedding 
at t = 0 as in Figure dU The vertices of To correspond to the saddle points 
in B\ and the crossings of To correspond to the intersection of M 2 x {0} and 
the double point curves in B\. There are no triple points in B\. 

ti 

0 

ti' 

To B\ 



Figure 11: <f> : (M 2 ,Fq) —> (M 2 x [tj,ti], B\) 
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Let Bi = Bn(R 2 x [ti, tj+i]) for i = 1,..., r— 1 and Bj = £>n(M 2 x [tj + i, t'j]) 
for j = 1,..., s — 1. Note that T(B) = ( U T(Bi)) U ( U T(B'S). 

x i= 1 j =1 J 

If the move Di Di + \ is an ambient isotopy of M 2 , then Di x [i*, i] — 
Bi, and there are no triple points in Bi. 

Suppose that the move Di —> -D,,+i is a Reidemeister move. Since Di\Bu\ 
and D l+ \ \ Bu\ are identical, there are no triple points in B t \ Mu\ and we 
have T(Bi) = T(M^), where is a subset of x / determined by 
7r(M(j) H x { t })) = 7r(/j^(L(Dj))) for t e I and a homeomorphism 

if ) : M 3 ->• M 3 satisfying / 0 (t) = id and /|' ) (L(A)) = L(D i+l ). 

If the move Dj —> D. L+ \ is of type R\ or R 2 , then there are no triple 
points in Myy See Figures [5] and [6) 

If the move Di — > Di + 1 is of type R 3 , then there is a triple point r* in 
M(j) as in Figure [T2l and T(B {) = { 7 ^}. Then U T(Bi) = {r* | i £ /+}. 


(Il*l3) * ( X2*X3 ) 



X2 



B(i) Mm 

|B h ( j, C) =6 (xi,X2,X3) -1 | |B fl ( t ] , C) =Q ( xi, X 2 , xi) -1 | 


Figure 12: A (Boltzman) weight 


15 








































Similarly, suppose that the move D' rj —> D' +1 is a Reidemeister move 
and is a subset of B'^ x I determined by 7 t(M^ n x {t})) = 

Ti{gP [L{D'-))) n where gp : M 3 — y M 3 is a homeomorphism satisfying 

gP = id and gP(L(Dj)) = L(D'- +1 ) for t £ I. There is a triple point 

r'j £ for j £ I 3 .. We have that UT(Bj) = {rj | j £ /£}. 

Now we have 

T(B) = {r i \iell}U{r , j \jeI 3 _}. ( 4 . 3 ) 

Let i £ l'p i.e., Di —> Di + \ is a move of type R 3 and let r* be the triple 
point in My\. Let n\, ri2 and 77.3 be the co-orientations of the bottom, the 
middle and the top arcs of Dj in B^, respectively. By an ambient isotopy, 
we deform M^ in B^ X / to the standard form of the neighborhood of the 
triple point r* as in Figure fl2l Let hi, h. 2 , and h 3 be the normal vectors 
corresponding to ni, ri2, and 773 , respectively. Without loss of generality, we 
may assume 77,3 = ei, h 2 = ee 2 and hi = e'e 3 for some e, e' £ {1, —1}. Here 
ei = (1,0,0), e 2 = (0,1,0) and e 3 = (0,0,1). See Figure H2 

Let c be the crossing between the top and the middle arcs in Byy It is 
clear from Figure fT2l that e = sign(c). By (14.ip . e = sign(c) = e* m (i). Hence 
h 2 = etm(*)e 2 - 

The sign e' depends on the co-orientation n\ of the bottom arc. If 771 
points from c, then e' = 1. If 771 points toward c, then e' = —1. So, by ([4.211 . 
e' = €b(i ) and hence hi = eb(z)e 3 . 

On the other hand, by definition, the sign e(rj) of the triple point T t is 
positive if the co-orientations of the top, the middle and the bottom sheets 
in this order match the given (right-handed) orientation of M 3 . Otherwise, 
the sign e(rj) is negative. This gives 




1 if (773, ?7 2 , 77l) £ A, 

-1 if (h 3 , h 2 , hi) £ B, 


where A = {(ei, e 2 , e 3 ), (ei, -e 2 , -e 3 )} and B = {(ei, -e 2 , e 3 ), (e i; e 2 , -e 3 )}. 
Therefore for each i £ J 3 , 


e(r,) = e tm (i)e b (i). (4.4) 

Let j £ I 3 , i.e., Dj —> _D) +1 is a move of type R 3 . Let rj be the triple 
point in . Let 771, 772 and 773 be the co-orientations of the bottom, the 
middle and the top arcs of D'- in , respectively. By an ambient isotopy, 
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we deform MC to the standard form of the neighborhood of the triple point 
Tj. Let hi, h 2 , and n 3 be the co-orientations corresponding to ri\. ri 2 , and n 3 , 
respectively. Without loss of generality, we may assume h 3 = ei, n 2 = ee 2 
and hi = e'e 3 for some e, e' G {1, —1}. 

Let c be the crossing between the top and the middle arcs in B'^-y It is 
easily seen that e = sign(c) (cf. Figure Q2]). By (14.11) . e = sign(c) = 

Hence h 2 = e tm (j)e 2 . 

The sign e' depends on the co-orientation ni of the bottom arc. If n± 
points from c, then e' = — 1. If n\ points toward c, then e' = 1. So, by g2D, 
e' = -e b (j) and hence hi = -e 6 (j)e 3 . 

On the other hand, by definition, e(rj) = 1 if h 3 , h 2 , and hi in this order 
match the given (right-handed) orientation of M 3 . Otherwise, e(rj) = — 1 . 
This gives 

, jl if (h 3 ,h 2 ,hi) G B, 

e(tA = { 

\-l if (n 3 ,n 2 ,ni) G A. 

Therefore for each j G / 3 , 

e ( T j) = - e tm{j)Eb(j)- (4.5) 

We show that for each i G I 3 , Bg(i,C) = Bg(Ti,C) and that for each 

j eI 3 _,B e (j,C) = B e (T',C)- 1 . 

Let i G /J (or j G / 3 ). There are two cases: The bottom arc meets 
the source region of the crossing c or not (see Figure fT2l) . In this proof, we 
denote (or M^) by M and [U,t i+ 1 ] (or [t' j+ h']) by I. 

Case I: Consider i G / 3 (or j G I 3 ) such that the bottom arc in B^ 
(or B 1 ^) hits the source region R of c. 

The top (or the middle, resp.) sheet in M corresponds to the top (or 
the middle, resp.) arc times I. As shown in Figure fl2l Rx I is divided into 
two (3-dimensional) regions by the bottom sheet whose color is x\. One of 
them is the source region 1Z of the triple point Tj (or rj). The colors of the 
top arc and the middle arc facing the source region R of c are the colors of 
the top and the middle sheets facing 1Z. From the equalities (j4.4j) and (14.51) . 
we see that Bg(i,C) = 9{x\, x 2 , x 3 ) etm W ei *W = 0{x 1 , x 2 , x 3 ) e ^ Ti) = Bg(ri,C) 
and Bg(j,C) = 9(x 1 ,x 2 ,x 3 ) etm( ' j '> eb ^ = 6 (xi,x 2 ,x 3 )~ e< ' T ^ = BgfrpCy 1 . 

Case II: Consider % G I 3 (j G I 3 ) such that the bottom arc in (or 
does not meet the source region R of c. 

Similar to the case I, the second and third coordinates of Bg(i,C) (or 
Bg(j,C)) are the same as those of Bg(ri,C) (or Bg(r'-,C )). As illustrated in 
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Figure [j~2l R' x I is divided into two (3-dimensional) regions by the bottom 
sheet whose color is a, where a is the color of the bottom arc in R' . Since 
the co-orientation of the top sheet is from Rx I to R' x I, a = x 1 * X 3 . Thus 
x\ = a*X 3 . Therefore Bg(i,C ) = 9{x\, X 2 , £ 3 ) etm Wo>W = 0(x\, X 2 , x 3 ) e ^ = 
Be{n,C) and Bg(j,C) = 

This completes the proof of Claim and hence the proof of Theorem 14.51 

□ 

Example 4.6. We consider the oriented marked graph diagram IO 2 of the 
2-twist spun trefoil C in Figure fT5l Let 

9 = Xo,i,o Vo, 2 , 0X0, 2,1 Vi,0,1X1,0,2X2,0,2X2,1,2 € Z 3 Q (R 3 ] Z 3 ), 

where Xx, y ,z(a,b, c) = u if ( x,y,z ) = (a, 6 , c), Xx, y ,z(a,b, c) = 1 otherwise, 
and Z 3 = (u | u 3 = 1) is the cyclic group of order 3. Consider sequences 
of link diagrams from the positive and negative resolutions to trivial link 
diagrams are as shown in Figures [T3l and [T4l respectively. Then and 

/£ = {2,3,4,5,8,10}. The (Boltzman) weights are Bg(2,C) = 8 (y,y,x ) = 
1 , Bg(3,c) = 0(x * y,x,x)~ x = 1 , Bg(A,C) = 9{x, x * y, x) -1 , Bg(5,C) = 
6 (x,y,x)~ l , Bg(8,C) = 9(y,x,y) and Bg(10,C) = 9(x *y,x,x*y) for x,y G 
R 3 . Therefore 

§e{C) = ^2 9(x , x*y, x)0(x, y, x)9(y , x, y)~ l 9{x *y,x,x* y)~ l 

(x, y )eR 3 xR 3 

= 3 + 6 u. 

This matches the computation in [5|. 

For a surface-link £, the ch-index x(£) is defined by rninp \'(r), where T 
is a marked graph diagram presenting C and y (r) is the sum of the number 
of crossings of T and that of vertices of T. 

Example 4.7. Let C be an oriented surface-link with y(£) < 10 presented 
by a marked graph diagram in Figure fT5l (see [32], for more details). 

Let R 3 be the dihedral quandle of order 3 and 6 the 3-cocycle in Example 
m Let S 4 be the tetrahedral quandle in Example 13.11 and let r/ = 

Xo,1,0X0,2,1X0,2, 3 X 0 , 3 ,0X0, 3 ,1X0, 3 ,2X1,0,1X1, 0 , 3 X 1 ,2,0X1, 3 ,1X2,0,3X2,1,0X2,1,3X2, 3 ,2 

in Z|(5 4 ; Z 2 ), where Xx,y,z ( a , b,c) = t if (x, y, z ) = (a, 6 , c), Xx, y ,z( a > c ) = 1 
otherwise, and Z 2 = (t \ t 2 = 1). Then <&g(C) and (£) are as in the table 
below. 
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Figure 13: A sequence of link diagrams for positive resolution of IO 2 



Figure 14: A sequence of link diagrams for negative resolution of IO 2 
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Figure 15: Oriented marked graph diagrams T with x(F) < 10 


£ 

$e{£) 

*v(£) 

£ 

®e(£) 


0i 

3 

4 

10 2 

3+6 u 

4 

2} 

3 

4 

10 3 

3 

4+12 t 

6?’ 1 

3 

4 

10} 

9 

16 

8i 

9 

16 

10?’ 1 

3 

4 

8}’ 1 

3 

4 

102’ 1 

3 

4 

9i 

9 

16 

lo }’ 1 

3 

4 

9?’ 1 

3 

4 

10?’ 0 ’ 1 

9 

16 

10i 

3 

4 





Table: <&q{£) and 4> v (£) with x(£) < 10 
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In [32], K. Yoshikawa introduced the notion of a marked graph diagram 
of triangle type. It is seen that the quandle cocycle invariant &g(C) of an 
oriented surface-link C presented by a marked graph diagram of triangle 
type is equal to #Colx(£) for any finite quandle X and any 3-cocycle 0 £ 
Zq(X]A), where #Co\x{£) denotes the cardinality of the set Col.v(£). 

In [30) . M. Soma gave an enumeration of surface-links presented by 
marked graph diagrams of square type ; A n , B n ,C n , D n , E n , F n ,G n , H n and 
/ (See [22], [ 30l Theorems 1.1 and 1.2]). We remark that surface-links pre¬ 
sented by marked graph diagrams A n and B n are orientable for all n > 2, 
and surface-links presented by marked graph diagrams E n , F n ,G n , H n and 
/ are also orientable for all odd integers n > 3. See Figure fTHl 

We observe that for any finite quandle X and 0 € Zq ( X] A), the quandle 
cocycle invariant &g(C) of an oriented surface-link C presented by a marked 
graph diagram of square type is equal to ^Colx(£) except for the surface- 
link presented by G n . 



Figure 16: Marked graph diagrams of square type 
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For an oriented surface-link C , we denote the same surface-link as C 
but with the opposite orientations on all the components of C by —C. An 
oriented surface-link C is said to be invertible if it is equivalent to —C\ other¬ 
wise non-invertible. The quandle cocycle invariant provides a diagrammatic 
method of detecting non-invertibility of surface-links (cf. PI Section 3]). 

Theorem 4.8. For every integer k > 0, the oriented surface-links pre¬ 
sented by marked graph diagrams G±sk +3 and Gi 8 fc+i 5 in Figure[J 6] are non- 
invertible. 

Proof. Let X be the dihedral quandle of order 3 and 9 £ Zq(X;A) the 3- 
cocycle in Example 14.61 Let C be the oriented surface-link presented by the 
oriented marked graph diagram G n in Figure fTBl Then &g(£) = 3 + 6 u and 
<1>#(—£) = 3 + 6u 2 if n = 18& + 3, and <&e{C) = 3 + 6u 2 and = 3 + 6 u 

if n = 18 k + 15 for any integer k > 0. This shows that L and — C are not 
equivalent for any k > 0 and completes the proof. □ 

On the other hand, it is shown that for every integer m > 1, the oriented 
surface-links presented by marked graph diagrams l^m+i and H 2 m +l in 
Figure fl6l are all non-invertible [22] Theorem 7.4]. 

5 Shadow quandle cocycle invariants of oriented 
surface-links 

In this section, we recall shadow quandle cocycle invariants of oriented 
surface-links (cf. [4]). 

Let A be a quandle and let Bbea broken surface diagram of an oriented 
surface-link C. Let S(B) be the set of sheets of B and R(B) be the set of 
the complementary regions of B in M 3 . Let C : S(B) —> X be a coloring 
of B. A shadow coloring of B (extending a given coloring C ) is a map 
C : S(B) U R(B) —> X satisfying the conditions: 

• The restriction of C to S(B) is a given coloring C. 

• If two adjacent regions fi and fa are separated by a sheet e and the 
co-orientation of e points from f\ to / 2 , then C(f\) * C(e) = C(/ 2 ). 

Let Col((-(£>) be the set of all shadow colorings of B by X. 

Let C be a shadow coloring of B. Let r be a triple point and let 1Z be 
the source region of r. Let 9 £ ZA(X;A). Define the shadow (Boltzman) 
weight at r by 

Bg{r,C) = %,zi,x 2 ,x 3 ) e(T ), 
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where e(r) is the sign of r, y is the color of 1Z and x±,X 2 and X 3 are the 
colors of the bottom, the middle and the top sheets facing TZ , respectively. 
See Figure [17] for e(r) = 1. The shadow partition function of B (associated 
to 9) is defined by 

*!( B)= J2 II Bf(r,C)eZ[A]. 

CeColf-(B) t€T(B) 


e (y, xi,X 2 ,X 3 ) 



Figure 17: Shadow (Boltzman) weight at r with e(r) = 1 


Theorem 5.1 (@]). Let B be a broken surface diagram of an oriented 
surface-link C. The shadow partition function &q(B) does not depend on 
the choice of a broken surface diagram. Thus it is an invariant of C. 

We denote & s e {B) by <bg(£) and call it a shadow quandle cocycle invariant 
of C associated to 0 G Zq(X;A). 

There is a generalized version of the shadow quandle cocycle invariant. 

Let X be a quandle. The associated group , Gx, of X is (x G X\x * y = 
y~ 1 xy (x,y G X)). An X-set is a set Y equipped with a right action of 
the associated group Gx■ We denote by y*g the image of an element y G Y 
by the action g G Gx- 

Let A be a quandle and Y an X-set. For each positive integer n, let 
C^{X)y be the free abelian group generated by the elements (y,x 1 ,..., x n ) 
where y G Y and xi,...,x n G X. Let Cq{X)y = Z(Y), the free abelian 
group on Y, and let C^(X)y be {0} for n < 0. Define a homomorphism 
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d n : C*(X) Y -»■ C^_ 1 (X) y by 


d n (y,xi,x 2 , ...,x n ) = ^(-l)*[(y,xi,x 2 , ■ ■. ,Xi_l,X i+ l, ...,x n ) 

i =1 

- (y * Xj, Xl * Xj, x 2 * Xj, . . . , Xj_l * Xj, x i+ 1 ,x n )\ 

for n > 2 and d n = 0 for n < 1. Then C^(X)y = {C^(X)y, d n } is a 
chain complex. This chain complex is due to R. Fenn, C. Rourke and B. 
Sanderson mm)- Let Dn(X)y be the subgroup of C//(X)y generated 
by (y,xi,...,x n ) with x.- L = Xj+i for some i £ — 1} if n > 2; 

otherwise let Dn{X)y = {0}. Then C^(X)y = {Dn(X)y, d n } is a sub¬ 
complex of C* (X)y. Put Cn(X)y = C^(X)y/Dn (X)y, and consider the 
quotient chain complex C®(X)y = {Cn(X)y,d n j. For an abelian group A, 
we define chain and cochain complexes by C®(X, A)y = C*(X)y (g> A and 
Cq(X, A)y = Horn (C*(X)y,A). The homology and cohomology groups 

are denoted by H®(X,A)y and Hq(X, A)y , respectively. For more details, 
see |1 71 [T5j . 

Let X be a quandle, Y an X-set and let B be a broken surface diagram 
of an oriented surface-link C. Let S(B) be the set of sheets of B and R(B) 
the set of the complementary regions of B in M 3 . Let C : S(B) —y X be 
a coloring of B. A shadow coloring of B (extending a given coloring C ) by 
(X, Y) is a map C : S(B) U R{B) -4- X U Y satisfying the conditions: 

• C(S(B)) C X and C(R{B)) C Y. 

• The restriction of C to S(B) is a given coloring C. 

• If two adjacent regions fi and f 2 are separated by a sheet e and the 
co-orientation of e points from /j to f 2 , then C(/i) * C(e) = C(f 2 )- 

We denote by Col' 3 x Y \ (&) the set of all shadow colorings of B by (X, Y). 

Proposition 5.2 (cf. |4|). If B and B' present equivalent oriented surface- 
links, then there is a bijection between Cof|-(£>) and Coly (£>'), and there is 
a bijection between Col^y)(£>) and Col 

Let C be a shadow coloring of a broken surface diagram B by (X, Y). Let 
r be a triple point and let 1Z be the source region of r. Let 6 £ Zq(X; A)y. 
Define the shadow (Boltzman) weight at r by 

Bg(T,C) = %,xi,x 2 ,x 3 ) e(r) , 
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where e(r) is the sign of r, y is the color of 1Z and X\,X 2 and X 3 are the 
colors of the bottom, the middle and the top sheets facing 1Z, respectively. 
See Figure [lTl The shadow partition function of B (associated to 9) is defined 
by 

niB)= Y, II B$(t,C)€Z[A]. 

CeColf x y) (B) reT(B) 

Theorem 5.3 (cf. [1]). Let B be a broken surface diagram of an oriented 
surface-link C. The shadow partition function &g(B) does not depend on the 
choice of a broken surface diagram. Thus it is an invariant of C. 

We denote & s g (B) by 3>|(£) an d call it a shadow quandle cocycle invariant 
of C associated to 9 £ Z%(X\ A)y ■ 

6 How to compute shadow quandle cocycle invari¬ 
ants from marked graph diagrams 

In this section we give a method of computing shadow quandle cocycle in¬ 
variants from marked graph diagrams. 

Let r be a marked graph diagram of an oriented surface-link C. Let 
j4(r) be the set of arcs of T and R(T) the set of complementary regions of 
r in R 2 . Let X be a quandle and let Y be an X-set. Let C : A(r) — > X be 
a coloring of T by a quandle X. A shadow coloring of T (extending a given 
coloring C) by X (or by (X, Y), resp.) is a map C : A(T) U R(T) — > X (or a 
map C : A(r) U R(T) —> X U Y, resp.) satisfying the conditions (2) and (3) 
(or the conditions (l)-(3), resp.): 

(1) C(A(r)) c X and C(i2(r)) C Y. 

(2) The restriction of C to A(T) is a given coloring C. 

(3) If two adjacent regions /1 and /2 are separated by an arc e £ A(r) and 
the co-orientation of e points from fi to / 2 , then C(f\) * C(e) = C(f 2 ). 

Let Col y(F) (or Col^- y)(b), resp.) denote the set of all shadow colorings 
of T by X (or by (X, Y), resp.). 

Theorem 6.1. Let T be a marked graph diagram of an oriented surface- 
link C and B = B(T) an associated broken surface diagram of T. There is 
a bijection from Col^r) to Corf-(£>), and a bijection from Col^ Y y)(r) to 
Col f XiY) (B). 
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Proof. Consider a shadow coloring of B. The 0-level cross-section with the 
colors induced by the shadow coloring of B is a shadow coloring of T. By 
the same argument as in [1], we see that this gives a bijection from Col x (T) 
to Col x (I3) and a bijection Col^y-^T) to Colf^- yj(B). □ 

Corollary 6.2. If T and T' present equivalent oriented surface-links, then 
there is a bijection from Col x (r) to Col x (r , ) ; and there is a bijection from 

Colfx,y)(r) to Coif xy) (r'). 

Proof. Let £>(T) and ^(T') be broken surface diagrams associated to T and 
T', respectively. By Proposition 15.21 and Theorem 16.11 we see the result. □ 


Let T be a marked graph diagram of an oriented surface-link C and let 
T+ = D\ —> D2 —t ■ ■ ■ —> D r = O, T_ = P)'y —> D'2 —> • • • —¥ Dg = O ', etm 
and efe be as in Section 0] Let C : ^4(T) U R(T) —> X or C : A(T) U R(T) —>■ 
X U Y be a shadow coloring of T. Let i £ If (or j £ if ). Let R be the 
source region of the crossing c between the top arc and the middle arc in 
Di D .B(j) (or Dj n Let R' be the opposite region of R with respect to 

the top arc. 

Let xi, X 2 and X 3 be as in Section 01 There are two cases, the bottom 
arc intersects with the source region R or not. If not, we consider two cases, 
€b(i) = 1 or eb(i) = —1 (See Figure 08]). In the case where the bottom arc 
hits the source region R, the region R is divided by the bottom arc. Let y 
be the color of the divided region of R such that the co-orientation of the 
bottom arc points from that region. In the case where the bottom arc does 
not intersect with the source region R and e&(z) = 1, let y be the element 
s = C(R). In the case where the bottom arc does not meet the source region 
R and eb(i) = — 1, let y be the element s * xf, where s = C(R). For j £ if, 
let y be the element defined in the same way with i E if. 

Definition 6.3. Let 6 £ Zq(X;A ) be a 4-cocycle or let 6 £ Zq(X; A)y be 
a 3-cocycle. The shadow (Boltzman) weight for i £ 1+ II if is defined by 

Bg(i,C) = %,xi,X 2 ,x 3 ) etmWe &W. 
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(X 1*X3) * ( X2* X3) 



B(i> M(o 

Bg ( j, C ) =8 ( y, Xi, X2,xi) -1 | Bg (x ir C ) =9 (y ,xi,X2,xi) -1 | 


Figure 18: The triple point r* 


Definition 6.4. Let T be a marked graph diagram of an oriented surface- 
link C. The shadow partition function of F (associated to 9) is defined by 

*s(r)= e(ii Bow) n 

c jeif 

where C runs all shadow colorings of T by X when 6 £ Zq(X;A ) or all 
shadow colorings of F by (X,Y) when 9 £ Zq(X; A)y. 
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Theorem 6.5. Let C be an oriented surface-link and let T be a marked 
graph diagram presenting C. For any 8 £ Zq(X]A) or 8 £ Zf(X; A)y, 

*!(£) = *g( r). 

Proof. Let B = B(T) be a broken surface diagram associated to T. It suffices 
to show that <& s e (B) = <J>g(r). 

We define and MC for any i £ 1+ and j £ if as in the proof of 

Theorem 14.51 We have that T(B) = {r^ | i £ /+} U {rj j £ if}, where t; 
is the triple point in for i £ 1+ and rj is the triple point in for 
j £ If. _ 

Let C be a shadow coloring of B by X when 8 £ Zq(X; A) or a shadow 
coloring of B by (X, Y) when 8 £ Zf(X; A)y, and let C £ Colx(£>) be the 
restriction of C to the set S(B). 

We show that Bf(i,C ) = B'f (Ti,C) for each i £ if. 

The exponents appearing in Bf(i,C) and Bq(ti,C) are identical. The 
second, the third and the fourth coordinates of Bf{r,C) are the same as 
Bq{t,C) for every triple point r. Also, the second, third and fourth coordi¬ 
nates of Bg(i,C ) are the same as B$(i,C) for each i £ if. Combining these 
facts, the second, the third and the fourth coordinates of Bf(i,C) are the 
same as those of Bf(ri,C ) for any i £ if. 

It remains to show that the first coordinate of Bf(ri,C) is identical with 
that of Bg(i,C) for any i £ if. The first coordinate of Bf(ji,C) is the color 
of the source region IZ of the triple point r*. 

Case I : The bottom arc intersects with the source region R of the 
crossing between the top and middle arc in B^y 

The top (or the middle, resp.) sheet corresponds to the top (or the mid¬ 
dle, resp.) arc times [t,, L+i]. Also, the quadrant between the top and middle 
sheets with the co-orientations outward is divided into two (3-dimensional) 
regions by a bottom sheet whose color is same as that of the bottom arc in 
R. Therefore, the first coordinate of Bq(t{,C) is C(R), where R is the source 
region of the crossing c between the top and middle arcs in Byy Therefore 
Bg(i,C) = Bg(ri,C) for all i £ if. 

Case II : The bottom arc does not hit the source region R of the crossing 
between the top and middle arc in Byy 

Let C(R) = s. The quadrant corresponding to R x [U, ij+i] is divided into 
two (3-dimensional) regions by a bottom sheet whose color is x\ = a * X 3 . 
If £fe(i) = 1, then the co-orientation of the bottom sheet in that quadrant is 
from the region which has a color s (see the case II-l in Figure HBJ) . Therefore 
the color y of the source region IZ of the triple point r* is s. Otherwise, the 
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co-orientation of the bottom sheet in that quadrant points to the region 
whose color is s (see the case II-2 in Figure fT8|) . In addition, the color of 
the bottom sheet in that quadrant is x\. Thus the color y of 1Z is s * xj. 
Therefore Bg(i,C ) = Bg(ri,C) for all i £ l\. 

For j £ I 3 , it is similarly seen that Bg(j,C ) = 

Hence we have $g(B) = ^(T) for all j £ I 3 . □ 

7 Symmetric quandle cocycle invariants of unori¬ 
ented surface-links 

This section is devoted to recalling symmetric quandle cocycle invariants of 
unoriented surface-links (cf. [T7] 18]). 

Let X be a quandle. A map p : X —> X is a good involution if it is an 
involution (i.e., pop = id) such that p(x*y) = p(x)*y and x*p{y) = x*y for 
any x, y € X. Such a pair ( X, p) is called a quandle with a good involution 
or a symmetric quandle. 

Example 7.1. f[T71 fl8] ) Let G be a group. The inversion, inv(G) : G —» 

G; g i->- <? _1 , is a good involution of conj(G). We call (conj(G), inv(G')) the 
conjugation symmetric quandle. 

The associated group, G^x.p) ■ of a symmetric quandle (X, p) is G(x. p ) = 

(x £ X;x * y = y v xy (x,y £ X), p(x ) = x -1 (x £ X)). An ( X,p)-set 
is a set Y equipped with a right action of the associated group G(x,p) ■ We 
denote by y * g the image of an element y £ Y by the action g £ G/x,p ) • 

Let {X,p) be a symmetric quandle and Y an (X,p)~ set. Let C^(X)y = 
{C^(X)y, d n } be the chain complex of X with Y, and C^(X)y = {Dn(X)y , d n } 
be the sub-complex of C^(X)y as in Section [5] 

Let Dn{X)y be the subgroup of C^{X)y generated by 

(y,x i,... ,x„) + (y * Xj,x i * xj,.. .,Xj -1 * Xj,p{xj),x j+ i, ■■■ ,x n ) 

for j £ 1,..., n if n > 2; otherwise let Dn(X)y = {0}. 

Define C$’ p (X)y to be C^(X)y/(D$(X)y + Dn(X)y), and we have the 
quotient complex C®’ p (X)y = {Cn’ p (X)y, d n }. For an abelian group A, we 
define chain and cochain complexes by C®' P (X, A)y = c!j?’ p (X)y <8> A and 
Cq (X,A)y = Horn (C®’ p (X)y,A), respectively. The homology and coho¬ 
mology groups are denoted by H* p (X,A)y and Hq (X,A)y, respectively. 

For details, see mm- 
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Let B be an unoriented broken surface diagram. When we divide over¬ 
sheets at the double curves, we call the sheets of the result semi-sheets of B. 
Each semi-sheet is a compact orientable surface in M 3 (cf. [16]). 

Consider an assignment of normal orientation and an element of X to 
each semi-sheet of B. A basic inversion is an operation which reverses the 
normal orientation of a semi-sheet and changes the element x assigned to 
the semi-sheet by p(x). See Figure fl9l 




A basic inversion 


We would rather use the terminology ‘normal orientation’ than ‘co¬ 
orientation’ when B is an unoriented broken surface diagram. 

An (X, p)-coloring of B is the equivalence class of an assignment of a 
normal orientation and an element of X to each semi-sheet of B satisfying 
the coloring condition below. Here the equivalence relation is generated by 
basic inversions. 

• By basic inversions, assume the normal orientations of semi-sheets 
around a double point curve to be as in Figure [20] Then x\ * X 3 = X 2 
and X 3 = X 4 . 



Figure 20: Coloring conditions 


Let Y be an (X, p)-set. An (X, p)y-coloring of B is an (X, /^-coloring of 
B with an assignment of an element of Y to each complementary region of 
B satisfying the following condition. 
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• Suppose that adjacent regions /i and /2 separated by a semi-sheet e 
are labeled by y\ and 1/2 ■ If the semi-sheet e is labeled by x and the 
normal orientation of e points from fi to / 2 , then y\ * x = 1/2 ■ 

Proposition 7.2 ([17, 751). Let ( X , p) be a symmetric quandle and Y an 
( X,p)-set. If two broken surface diagrams present equivalent unoriented 
surface-links, then there is a bijection between the sets of {X, p)-colorings 
of the broken surface diagrams, and there is a bijection between the sets of 
(X, p)y-colorings of them. 

Let B be an unoriented broken surface diagram. Fix an ( X , p)y-coloring 
of B, say C. For a triple point r of B, there are eight complementary regions 
of B around r (Some of them may be the same). Choose one of them, say 
/, which we call a specified region for r, and let y be the label of /. 

Let e\, e 2 and e 3 be the bottom semi-sheet, the middle semi-sheet and 
the top semi-sheet at r, respectively, which face the region /. By basic 
inversions, we assume that the normal orientations rii, 77-2 and 713 of them 
point from / to the opposite regions. Let x±, X 2 and x 3 be the labels of 
them, respectively. The sign of t with respect to the region / is +1 (or —1) 
if the triple of normal orientations ( 713 , 77 - 2 , 711 ) does (or does not) match the 
orientation of M 3 . Let 6 G Zq p (X, A)y. The symmetric (Boltzman) weight 
Bg ym (T,C) of t is defined to be 

Bg ym {T,C) = 6 (y,x 1 ,x 2 ,x 3 ) £(t) , 
where e(r) is the sign of r. See Figure [21] 


x 3 



Figure 21: Symmetric Boltzman weights 


The symmetric partition function of B (associated to 6 ) is defined by 

^(S) = E II B^ m (r,C)GZ[A}, 

C t€T(B) 
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where the sum is taken over all possible ( X , /o)y-colorings C of B. (The value 
of Bg ym (T,C) is in the coefficient group A written multiplicatively). 

Theorem 7.3 ( [171 [IS] ). Let B be a broken surface diagram of an unoriented 
surface-link C. The symmetric partition function ym {B ) is an invariant 
of the unoriented surface-link C. 

We denote <hy /m (£>) by <& S e ym (C) and call it the symmetric quandle co¬ 
cycle invariant of L associated to 6 . 

8 How to compute symmetric quandle cocycle in¬ 
variants from marked graph diagrams 

Let T be a marked graph diagram of an unoriented surface-link C and let 
(X, p) be a symmetric quandle. 

A semi-arc of T is a connected component of T \ (C'(r) U V(r)), where 
C'(r) is the set of crossings and V(r) is the set of marked vertices of T. 

A basic inversion is an operation which reverses the normal orientation 
of a semi-arc and changes the element x assigned to the semi-arc by p(x). 
See Figure l22l 


Figure 22: A basic inversion 


We say that an assignment of a normal orientation and an element of 
X to each semi-arc of T satisfies the coloring conditions if it satisfies the 
following conditions. 

• For each marked vertex, using basic inversions, we assume that normal 
orientations of semi-arcs are as in Figure 1231 Then x\ = x%. 

• For each crossing, using basic inversions, we assume that normal ori¬ 
entations of semi-arcs are as in Figure [23j Then x\ * X3 = x 2 and 
x 3 = x 4 . 

An (X, p)- coloring of T is the equivalence class of an assignment of a 
normal orientation and an element of X to each semi-arc of T satisfying 
the coloring conditions. Here the equivalence relation is generated by basic 
inversions. 
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Xl 


X2 



Xl = X2=X3=X4 


Xl*X3 = X2, X3 = X« 


Figure 23: Coloring conditions 


Let Y be an (A , p)- set. An (A, p) y-coloring of F is an (A, p)-coloring 
with an assignment of an element of Y to each complementary region of T 
satisfying the following condition. 

• Suppose that two adjacent regions fi and fi separated by a semi-arc 
e are labeled by y\ and 2/2 ■ If the semi-arc e is labeled by x and the 
normal orientation of e points from f\ to / 2 , then y\ * x = 1/2 ■ 

Theorem 8.1. Let (X,p) be a symmetric quandle and let Y be an (X,p)- 
set. Let T be an admissible marked graph diagram, and let B = B(Y) be a 
broken surface diagram associated with T. There is a bijection from the set 
of (X, p)y-colorings of B to that ofT. 

Proof. By the same argument as in the proof of Theorem 16.11 we see the 
result. □ 

Let r be an admissible marked graph diagram. Fix an (A, p)y-coloring 
of r, say C. Then both resolutions T + and T_ have induced colorings. 


/4 

r + r r- 

Figure 24: Induced colorings on T + and T_ 

Let r_|_ = D\ —> D 2 —>•••• —^ D r = O and T_ = D[ —> D' 2 > ■ ■ ■ 

D' s = O' be sequences of link diagrams as before. Let i € if II if and / the 
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complementary region of Di in B^ or B'^ such that / does not intersect with 
the boundary dB^ or dB respectively. Let e±, &2 and e% be the bottom, 
the middle and the top semi-arcs facing the region /, respectively. By basic 
inversions, we assume that the normal orientations n±, n 2 and n 3 of them 
point outwards. Let x \, X 2 and x 3 be the labels of them, respectively. Define 
et m (i) = 1 if (n.3,77.2) matches with the given (right-handed) orientation of 
R 2 and —1 otherwise. For a given 3-cocycle 6 G Zq p (X, A)y, we define the 
symmetric (Boltzman) weight at i to be 

Bg ym (i,C) = e(y,x 1 ,x 2 ,x 3 ) etm( - l \ 




Figure 25: The symmetric (Boltzman) weight at i G if II /£. 


For a marked graph diagram T and an (A", /9)y-coloring C, we define the 
symmetric partition function by 



where C runs over all (A,/?)y-colorings of T. 

Theorem 8.2. Let C he an unoriented surface-link and let T be a marked 
graph diagram presenting C. For any 3-cocycle 9 G Zq p (X, A)y, the sym¬ 
metric partition functions ^g ym (T) is equal to <&Q Vm (C). 

Proof. The proof of this theorem is similar to that of Theorem 16.51 Let B = 
£>(T) be the broken surface diagram associated to T, and let C. G Col g ym (B) 
be an (A, p)y-coloring of B. We denote by the same symbol C. for the 
corresponding (A, p)y-coloring of T. As the oriented case, the set of triple 
points is T{B) = {rj | i G /+} U {rj I j G I—}, where Tj is the triple point in 
for i G and rj is the triple point in for j G it - Let i G I ? f. Since 
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we choose the normal orientation of the bottom arc such that e&(*) = 1, we 
have e(ji) = e tm (i). Thus Bg ym (i,C) = Bg ym (Ti,C). Similarly, for j <E /£, 
we have Bg ym (j,C ) = C) _l . Hence we have $g ym (T) = $}j yin (B). 


(xi*xi)* {X2* as) 




Bui 

|B^ ym (t,C)=e (y,x 1,X2,X3) 


M<ii 

Ib^t,, C) =9 (y, xi, 3:2,13) 


(a:i*a:3) *(X2*X3) 



B° Yln ( j , C) =8 ( y, xi, X2, xp 1 IB ^ 7 ” 1 (x,, C) -6 (y , x\, xi, X3) 1 


Figure 26: A triple point 


□ 

Example 8.3. Let T be the unorientable marked graph diagram in Figure 
[271 representing two component RP 2 -link £ (T is a marked graph diagram 
8^ 1,_1 in Yoshikawa table [32]). 

Let X be the dihedral quandle of order 4, in which we rename the ele¬ 
ments 0,1, 2, 3 by ei, e 2 , e' 1; e' 2 , respectively. Let p : X —> X be the antipodal 
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p (y) 

Figure 27: A symmetric coloring for T 


map, i.e., p(ei) = e[ (i = 1,2). Let Y = {e}, which is an (X, p)-set. Let 

b Xe,ei,e 2 ,eiXe,e' 1 ,e 2 ,eiXe,e' 1 ,e 2 ,eiXe,ei,e 2 ,e' 1 

Xe,e' 1 ,e 2 ,ei Xe,ei,e' 2 ,ei Xe,ei,e 2 ,e^ Xe,e'^,e' 2 ,e\ 

Xe,e 2 ,ei,e 2 Xe,e' 2 ,e' 1 ,e 2 Xe,e 2 ,ei,e 2 Xe^je^e^ 

Xe,e2,ei,e2Xe,e2,eLe2lte,e2,ei,e2Xe,e2,eLe2 ^ 

where Xx, y ,z,w(a,b, c, d) = t if ( x,y,z,w ) = (a,b,c,d), Xx, y ,z,w(a,b,c,d) = 1 
otherwise, and Z = (t) is the infinite cyclic group (cf. |l8l Example 9.3]). 

Consider sequences of link diagrams from the positive and negative res¬ 
olutions to trivial link diagrams as in Figures l28l and l29l respectively. From 
those figures, we get l‘\_ = {2,3,4, 6} and /£ = <fr. The symmetric (Boltz- 
man) weights are Bg ym (2,C) = 9(e,y, p(y), p{x)) = 6(e, y, y, ^(x))" 1 = 1, 
Bg Vm (3,C) = 9{e,y,p{x),p(x)) = 1, Bjj ym (4,C) = 0(e, x, y, p{x)), Bg ym (6,C) 
= ^(^piy)^^)- 1 for (x,y) € E, where E = {(ei,e 2 ), (ei,ef,), (e[,e 2 ), (ei,e' 2 ), 
(e 2 ,ei), (e 2 ,ei), (e' 2 ,ei), (e^e))}. Therefore 

*o(£) =E(n B e ym ^) n Bg ym (j,C )~ 1 

c tell jeii 

= 6 l (e,3:,2/,p(x))6»(e,/>(y),a;,2/) _1 
= 4 + 2f 2 + 2i -2 . 
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Figure 29: A sequence of link diagrams for 
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